1 Teopembl cylllecCTBOBaHUSA

Onpedeaerue. MuoxxkectBo M HaszbIBaeTCs Mempuyeckum, eCid Ha HEM 3aJ1aHO OTOOpazKe-
e p: M x M — R}r, Ha3bIBaEMOE MeMmpuKrot N yIOBIETBOPSAIONIEe TPEM aKCHOMAaM:

1) p(u,v) = p(v,u) Yu,v € M (cuMMETPHIHOCTB);
2) plu+v,w) < plu,w) + p(v,w) Yu,v,w € M (HepaBeHCTBO TPEYTOJIbHUKA);

3) plu,v) = 0Vu,v € M, p(u,v) =0 < u=v (HEOTPHUIATETHHOCT).
Onpedenenue. Tlocrenoparensuocts {uy} cxodumesa no mempure p (uy, 2> u) B MeTpu-
geckoM mpocrpanctse M, eciu p(ug, u) — 0 npu k — 00,

Onpedenerue. TlocnenosarenbHOCTD {uy} Has3bBaeTcst hyndamermanvHol, ecan

pluss 1) = 0 1p i, j — 0.
Onpedenernue. Merpudeckoe mpocTpancTBo M Ha3BIBAETCS NOAHLIM, €CIu Jobast (hyH-
JlaMeHTaJIbHasl TIOCIe0BATEIbHOCTh B 3TOM IIPOCTPAHCTBE CXOJUTCA K 3jieMeHTy u3 M.

Onpedenerue. Oynknus J(u) HA3BIBACTCA HENPEPuIGHOT [noayrnenpepurnots crusy| (no-
AYHENPEPLIEHOT C6EPTY) B TOUKE Uy, €CJU JIs JIIOOOH CXOJSIIecs K Uy TOCIIeI0BATEILHO-

cru snemenTtoB {ug} u3 U cymectByer mpemes klim J(ug) = J(up) | Im J(ug) = J(up)
—00 k—o0

<1im J(ug) < J(u0)> (em. pue. 1.)
k—o0

Onpedenerue. Muoxecrso U nasbiBaercsa komnaxmuovim (p-xomnaxmom) B M, ecam y
moboit mocseoBareabHocTn {uy b w3 U cymecTByer cxofdmmasicst K sjaeMenty u3 U mosmociie-

JIOBATEIBHOCTD {Ug,, }.
BBeném psisi ob03HaTEHNMI:

inf J(u) = J., supJ(u)=J%

uelU ueU
U, ={veUlJ(v) = J.};
u, = argmin J(u) € U,.

uelU

Teopema 1 (Merpuueckuii BapuanT Teopembl Beiiepurrpacca). [Tycms M — mempu-
weckoe npocmpancmeo, muosncecmeo U C M — komnaxm, gynxyua J(u) noaynenpepuisna

cnusy na U. Toeda:
1) Jo > —o0;
2) U, # @;

J(ux) — Ji upu k — oo,

w € U caedyem, wmo p(uy, Uy) — 0.

3) u3 mozo, wmo {

Onpedenerue. 3anaau, yaoBieTBopsiomiue yeaosusM (BbiBogam) Teopembl 1 HA3BIBAIOT
KOPPEKMHO NOCMABAEHHbLMU B METPUIECKOM IIpocTpancTse M.



Onpedeaerue. Jluneiinoe mpocTpancTBO L HASBIBACTCA HOPMUPOSAHHIM, €CIIH CYIIECTBY-
er taxkast pynkuus ||ul| : L — R, nasnisaemast nopmoti, aro:

1) |lou|| = |af-Jul| Vu € L,Va € R (HeorpunarenbHas 0JHOPOHOCTD);
2) |lu+ o] < |u|| + ||v]] Yu,v € L (mepaBencTBo TpeyroJabHUKA);
3) ||ul]] = 0Vu €L, |Jul| =0 < u=0 (HeorpunaTebHOCTD ).

Eciu B myukTe 3) BoinosaeHo jmib ycaosue v = 0 = ||u| = 0, To ||u|| nassiBatoT noayropmot.
Onpedeaenue. Muoxecrso U naspiBaercd orpanmdeHnbiM B M, ecim cyrmectByer
uy € M u R < 0 takue, uro jys Beex u u3 U Boinosiasiercst yeaosue p(u, ug) < R.
Onpedeaernue. HopmupoBanHoe JuHeiiHOe TPOCTPAHCTBO L, MOJIHOE OTHOCUTEIBHO MeT-
puknu p(u,v) = ||u — v||, Ha3BIBACTCA OAHATOBVLM.
Onpedeaenue. Jluneiinoe npocrpanctBo L HasbiBaeTcs €6kAUI06bIM, €CTTH HA HEM 3a71aHO
ckanapnoe npoussedenue (u,v) : L x L — RL:

1) (u,v) = (v,u) VYu,v € L (cuMmMeTpuIHOCTB);

2) (u+v,w) = (u,w) + (v,w) Vu,v,w € L (nuHeitHas aJTATUBHOCTD );
3) (au,v) = a(u,v) Vu,v € L, Va € R (nuHeiiHas 0HOPOIHOCTS);

4) (u,u) 20, (u,u) =0 < u =0 (HEOTPUIATEIHLHOCTD).

B mo6om eBrimoBoM mpoctpancTse |[u|| =/ (u, u) sBiseTcst HOpMOit (€6Kk.Aud0601 HopMmOTl),
a p(u,v) = ||[u — v|| — meTpuKoii.
Onpedeaenue. Epkimioso npocrpancrso H, 1mosiHoe OTHOCUTEBHO METPUKH

plu,v) = V/u— v u— o),

Ha3bIBaeTCd 2uavbepmosuim. B nanbueiiem Oyksoit H Oyjiem obo3Ha4aTh r'ujibOEPTOBBI MIPO-
CTpaHCTBA.

Onpedeaenue. Ilocnenosaresuocts {uy },_, C H nasbBaercs caab0o crodaweticsa K dJie-

cnabo
menty ug € H(uy — ug), econ Yh € H (uy, h)y — (uo, h)y upu k — oo.
3ameuwarue. N3 cxoqumoctu B metpuke H ciemyer cirabas cXoIuMOCThb, HO HE HAOOOPOT.

Onpedeaerue. Muoxecrso U masbiBaercs caabo kKomnakmmuvim (CAabbLM KOMNAKMOM),
ecsm y Jiroboit ocsietoBaresbrocT {ug} u3 U cymmectByer no/mnocsenoBare bHocTsb {uy, },
cJ1aD0 CXOIAIIadACA K TOUKe Uy € U.

3amewanue. 13 Toro, uro Muoxkecrso U dABjIseTcss KOMIIAKTOM, CJIEIyeT, 9YTO OHO fABJIf-
eTcs cJ1abbIM KOMIIAKTOM, HO He Haobopor. Hampumep emunmunsiii map B H npesgcrasiser
C.Ha6bH71 KOMIIaKT, HO KOMIIaKTOM H€ ABJIAE€TCH.



Onpedenerue. Oyuxuust J(u) Ha3BIBACTCH CAAO0 HENpepueHol (caabo nosyHenpepvle-
HOT CHU3Y) B TOUKE 1Ug, €CJHU JIJIs JII000H CJ1abo CXOJSIIENCs K Uy MOCIe0BATEILHOCTH { Uy }

CYIIECTBYET IIpe/Ielt
lim J(ug) = J(up)

k—oo

(im J(ug) = J(uo))

k—o00

3ameuvarue. V13 crnaboii mHenpepeiBHOCTH byHKIMU J(u) ciemyer eé “obpraHas” Hempe-
PBIBHOCTB, HO HE HA0OOPOT.

Teopema 2 (cnabbrii BapuanT Teopembl Beiiepmirpacca). I[Tycmos H — 2uavbepmoso
npocmpancmeo, U — caabwd komnaxm 6 H, gynryus J(u) caabo nosynenpepvisha cHudy ma
U. Tozda:

1) J, > —o0;
2) U, # ;

3) aobas caabaa npedeavras Mouka A0060T MUHUMANDHOT NOCAEI0BAMENBHOCTIU NPUHAD-
aearcum muootcecmsey U, (MUHUMAADHAA NOCALIOBAMEALHOCTND €Cb MAKAA NOCAEJ0-
sameavrocmo {ug}, wmo J(ug) oo Jy).

Onpedenernue. 3a1aqm, ya0BIETBOPSIONNE YCI0BUIM TeopeMbl 2 HA3BIBAIOT CAGOO KOP-
pexmmo nocmasserroimu B M.

Onpedeaerue. Muoxkectso U HasbiBaeTcst 6unykavim, ecim Touka au + (1 — a)v mpu-
HatekuT MuoxkecTBy U jyist mobbix u u v u3 U u jmoboro o u3 orpeska [0, 1].

Onpedenerue. Pyuxius J(u) Ha3bIBAETCA 6uNYK.A0T HA BBITYKJIOM MHOXKecTBe U, eciu
JUTs JTIOOBIX TOYeK 4 u v u3 MHOkecTBa U u Jyisi jio6oro « u3 orpeska [0, 1] BbinosHseTcs
HepasercTBo J(au + (1 — a)v) < aJ(u) + (1 — a)J(v).

Jlocmamoywnoe ycaosue caaboti komnaxmrocmu 6 H

Ecau muaoxkectBo U BBIYKII0, 3aMKHYTO U orpatudeno, 7o U c1abo KoMImakTHO (6e3 j10-
Ka3aTe/IbCTBa).

Jlocmamoywnoe ycaosue caaboti noaynenpepvieHocmu ctudy 8 H

Eciu dyukiumst J(u) BBITyKIIa U TOJyHeNpepbiBHa cHU3y Ha MHO)KecTBe U, 10 J(u) cabo
HOJIyHEIIPEPhIBHA CHU3Y HA 9TOM MHOXKeCTBe (0e3 JI0Ka3aTeIhCTBa).
Onpedenenue. Ilycts X, Y — HOpMupoBaHHbBIE TpocTpancTBa, F: X — Y. Orobpaxkenne F'
HazbiBaercs dugipeperyupyemvim no Ppewé [Frechet| B Touke g, ecin

F(zo + h) = F(z0) + F'(zo)h + o(||hllx) Vh € X,

rie F'(zg) € L(X — Y) — smneiinsiii oneparop (npoussodnas Ppewe), mpuaém
loCllAllx) Iy

17]]x
B ciyuae, korna X = H — ruiasbeproso, Y = R, nmeem:

— 0 pu ||h]x — 0.

J(ug + h) = J(ug) + J' (uo)h + o(||h||m).

J'(ug) € H* = L(H — R') — npocTpancTBo JUHEHBIX HENPEPLIBHBIX (ByHKIMOHAI0B Ha H,
conpaotcénnoe ¥ H.



Teopema (Pucc). [KD, ru. 1V, §2, n.3]
[Ipocrpancrso H uzomopdno comnpsizxénnomy npoctpanctsy H*: H « H*, T.e. guga modoro
sstemenTa [ w3 H* cymecrByer emuncrsennslii snement hy n3 H takoit, 1To

f(h) = (hy, h)y Yh € H, npmién ||f|

3amevanue. Ecm y dynxuun J(u) : H — R cymecrsyer ropas npoussonnas J” (u),
To mpuparienne byHKIWN J (1) B TOUKE Uy TPEJCTABIMO B BHUJIE:

J(uo + h) = J(uo) + (J'(uo), h) + % (J"(uo)h, h) + o( || 1[|?).
Teopema (0 npou3eodrnot caoochoti pynruuu). [KO, ri.X]
[Iycts X,Y,Z — nopmupoBanuble npocrpancta, F: X — Y, G: Y — Z, cymecTsy-
er mpous3BojHas (GYHKIUM F B TOUKe xg, CyIecTByeT npou3BojaHas ¢yHkiun G B TOUYKe
yo = F(xg). Torma cymecrByer npousBojHas ciaoxuoit dyukimu GF: X — Z B Touke X,

we = ||hsllm

IIPUYEM

(GE) (o) = G'(yo) F" (20)
DopMyJsibl KOHCYHBIX IPUPaICHI
Breném psty 0603HaueHMil:
C(U) — xuacc nenpepsiBabix Ha U DyHKIWIL;

Lip(U) — knacc Jlummun-uenpepoiBubix Ha U dyukuuit (T.e. dbyHKIMIA, /1151 KOTOPHIX
BbioJHgeTCA yeaosue |f(u) — f(v)] < L-||lu — v||y, tne L — xoncranra Jlummmmna);

Cl(U) — knacc nenpepbiBHo juddepeHnupyeMbix QyHKIHi;
C?(U) — kJacc jiBazK bl HeNIPEPLIBHO udbdepeHnupyeMbix dhyHKIii.
Ymeepotcdenue. na dbynxunn J(u) € CHU) u Yu,v € U Boimosnsiercs cieyiomee

PaBE€HCTBO:
1

J(u) — J(v) = / (J'(v+t(u—v)),u—v)ydt =(J(v+0u—0),u—10v)y, raed € [0,1].

0



3 3agauym ynpaBJjeHHd JNHENHON AMHAMNYECKON cucTe-
MO

3/1ecb MBI PACCMOTPUM MPOCTENINYIO 3aJady ONTUMAJLHOIO YIPABJIEHUS PU CJIEIYIOIINX
YCJIOBUSIX:

2(t) = A(t)z(t) + Blu(t) + f(t), to<t<T, x(to)=0 u(t)eUCL(t,T), (1)

sneck A(t) = {a;;(t)} — marpuna (oneparop)nopsinka nxn, B(t) = {b;;(t)} — marpuma mo-
panka nxr, f(t) = {fi(t)} — marpua nopsaxka nx1, To ecTb n-MepHBIl BEKTOpP cTOJIGEI;
MOMEHTBI Bpement to, T, a Tak:ke TouKa To 3agansl; U — sajannoe maoxkectso u3 L2 (tg, T);
z(t,u) = z(t) = (2'(t),...,2"(t)) — pemenue (TpacKTOpHsi), COOTBETCTBYIOIASA YIIpaBJIC-
o u = u(t) = (u'(t),...,u"(t)) € L2(tp,T). TakKe MbI CIUTAEM U3BECTHON TPAEKTOPHIO,
pasHUILYy ¢ KOTOPOii Mbl MEHUMU3UpyeM — ¥(t).

Kpurepusmu KadecTBa yrpaBJeHdsi MOI'YT BBICTYNATH PA3JIUIHbIe (DYyHKIMOHAJIbI, HAIIPU-
Mep:

J(u) = |2(T,u) — yla. — inf — mepmunarvnot xeadpamurmvits Gyrxyuonan (2)

nJim

/ |z(t,u) — y(t) |3 dt — inf — unmeeparvrvii keadpamuunvit Gyrnryuonan  (3)

MunuMu3anust TEpMUHAJILHOIO KB IPATUIHOrO (DYHKIIMOHAJIA TIO3BOJIAT JOOUTHCS TOYHO-
CTHU B JIOCTUKEHUN KOHEYHOH TOUKHU. VIHTErpajsbHOro — GJIM30CTH TPAEKTOPUH K 38 IaHHOI.

Onpedeaenue. lpu u(t) € L2(ty, T) nox pewenuem sadawu Kowwu (1) nornmaercs Henpe-
pbiBHas Ha oTpeske [tg, T'] dyukIws x(t), yI0BIeTBOPAIONIAsS HHTErPAJILHOMY YPABHEHUIO

t

() :xo—i—/(A(T)x(T)—i—B(T)u(T)—I—f(T)) dr, t€ [to,T]

to

[Tpu stom dyukiwonansr A(t), B(t), F(t) mo/KHBI npuHAJIERKATH KJIACCY U3MEPUMbIX
no JleGery u orpanndenunix dynkmumit L (tg, T').

»
Hanomuum, 910 ||u||peey,ry =  inf = lim f |u(t)|P dt
’ \u(tﬁgg:n.B pe0

PeﬂyH‘preM HNCXOAHYIO 3aJavy K JII/IHGI/IHOI/I7 IOJIOZKUB & = I + To, I'E
xy = Az, + Bu rh=Ars+ f
I1<t0) = O, $2<t0) = Zg.

SamMeTuM, 9TO BO BTOPOIl CHUCTEMEe HET HEM3BECTHOTO YIIPABJICHUS, & 3HATUT MOXKHO Haii-
TH To. [Ipu Takoil peyKiun KpurepuabHble (DyHKITMOHAIBI MOYKHO MPEJICTABUTH KaK

Ji(u) = 21(T,u) = (y — 22(T)) * = | Arw = flzn,

:Alu :fERn

5



/ 1t )~ (v = walt)) Pt = s = Fluac
—Azu —feLQ(tO,T)
Taxum o6pasom, 1y perenus 3aga4au (1), (2) nm 3amaan (1), (3) HEoOXOANMO MUHIMU-

suposaTh HOpMBI || Aju—y||* u ||Ayu—1yl||? coorercTBenHO, re onepatoper A u Ay 3a1ai0Tcs
CJIEJTYIONIUM 00pa30M
Ayu = x(T,u): L2(ty, T) — R™,
Agu = z(t,u): L2(ty, T) — L2(to, T).
J1st manbHeAmX paccy K IeHnil TOKayKeM, ITo ornepaTopbl A; u Ay orpaHuYeHbl, TO €CTh
Jtst coorBercrByformux HOPM ||Aul| < c||ul|. Y3 (1) u onpenenenus pemenus 3amaan Ko
HMeeM

t t

()] = /(A(T)w(T)JrB(T)U(T)) dr </(!A(T)llw(T)!+!B(T)HU(T)|) dr.

to to

Tak rak A(t), B(t) € L, 1o Momy/n 1oj 3HAKOM HHTErpaJjia MOKHO OIEHHTb CBEPXY
KOHCTaHTaMH, TOTJa HOJIydInM, 4ro |z (f)| ne mpeBocxoant

t t
C’B/|u(7)|d7—|— CA/|:E(T)|d7'.
to to

MozkHO 3arpyOuTh OIEHKY, 3aMEHUB MOMEHT BPEMEHU Ha MAKCUMAaJIbHBIN, TOTJA B CHITY
HepaBeHcTBa Kommu-ByHaKoBcKoro morydennoe BbIpaxkKeHue MeHbIIe WM PABHO

¢
C’B\/T—t0||u||L2+C’A/|x(7')|d7'.
to

Dra oneHka BepHa Ui Beex t € [tg, T]. Hamee mam mownajgoburcst semmva ['poryosuia-
Bennvana. Hammomanm eé popMymupoBKy 0€3 JI0Ka3aTeIbCTBA.

Jdemma (I'ponyonn-Beaaman). [B2, crp. 30-31, nemma 2|, [ATD, crp. 189]

[Iycts dyukims w(t) yaIoBaeTBOpsieT YCJIOBHUIO

¢
0<w(t)<b+a/w(7)d7' (b>0,a>0).

to
Tora BepHo HepabeHCTBO w(t) < b-e10),

U3 npuBeIEHHBIX PACCYKICHUI MOXKHO CJICJIATh BBIBOJ, UTO (DyHKIMOHAB! Jy (1) n Jo(u)
c1ab0 ToJTyHenpepbiBHbL cHu3y Ha L2, oTKyma cieyer cieyiomast



Teopema 3 (o cyIltecTBOBaHNY ONTUMAIBLHOTIO yrpasienus 3aaa4 (1), (2) u (1), (3)).
IIycmov A(t), B(t), f(t) € L>(to,T); y(t) € L*(to,T), vo € R", y € R". Toeda y obeuz sadau
(1), (2) u (1), (3) npu evbope ynpasaenus us caabo Komnaxmmozo muosxcecmea U C L2 (tg, T)
cywecmsyem onmuUMaIbHOE YnpasaeHue.

Tenepns obparumces K Boripocy o juddeperimpyemoctu gpyukmuonaon J; u Jo. s mobo-
ro quddepentupyemoro no @pere Kpajparuanoro dynkimonania J(u) = ||Au— f||? cupase-
quBbl popmyibt J'(u) = 2A*(Au— f) u J"(u) = 2A* A. Boranciaum coupsizkéHHbIE OlIepaTOPbI
B HameMm ciaydae. /st oneparopa A; jist j1o6oro v uMeem

(Aju, v)gn = (u, AJv)12

Ecnn pacnmcars 9TO paBeHCTBO, TO MOy IUM

T

(T, 0)an = [ 0(0) e it

to

rJIe BMECTO MHOTOTOYHUSI CTOUT HEOOXOIUMBIH HAM MHOXKHTE/Ib.
Beeném dyukimio ¢(t) Kak perenne conpasncénnoti sadavu Kowu:

$(T) =,
{vwz—ﬂﬁww. (5)

TOF,ZL& CKaJIZdpHOE IIpOU3Be/ieHre MO2KHO pPacClIiCaTb KaK

(@(T),v)gn = (x(T),¥(T)) — (0,¢(ty)) = {d-na Herorona-Jleitbnuma, z(ty) = 0} =

= / p dt = /((iﬂ’(t),w(t» + (x(t),¢'(1)) dt ={'(t) = Az + Bu} =

/Buw Do dt + [ (A2 00+ (o0, 0 D)) dt =

to
T

:&/<ua»£ﬂw«wchﬁ+l/<w@>w< )+ AT g

to

[Mocaenunit uaTerpas B cuiay (5) OOHyJIseTCs, a W3 HEPBOrO MbI IOIyYIaeM, HUTO

Azv = BTy(t).



Anasiornannle paccykKaeHnud MOXKHO IIPOBECTU JIJIdA OllepaTopa AQI

(Agu, 'U>L2 = (u, A§U>L2

[IpubaBum K J1€BOIT 9aCTU 3TOrO PaBEHCTBA MHTErPaJ

/ (Bu+ Ax — 2'(t),9(t))g. dt =0,

to

re ¥ (t) — perenne CuCTeMbI

[Toygaem:

T T

/w@mwwz/@wB%@&a+/«mmmwwmwﬂw—www»w

to to to

[Mocsteauit uuTerpas obparaercst B Hysib B cuity (6) u Toro, uro 1o ¢gopmysre Hpoorona-
Jleitbnuiia

—/w%mm&=—wwww>

to

+ [ @l w) at = [ at.00) a

Orcrona Asv = BT (1).
Teopema 4 (o gquddepennmpyemoctu dynkuuonaaos J; u Jy). ITycmo A(t), B(t) €
L (tg, T); y(t) € L*(ty,T), y € R™. Tozda o6a gynxyuonana Jy u Jo beckoneuno dugdgdpepen-
wupyemvr no u na L2(ty, T), npuuém

Ji(u) = 2BT(t), tae ¢(t) — pemenue (5),

Jh(u) = 2BT(t), tme ¥(t) — pemenmue (6).



Onpedenerue. Pynxnus J(u) HA3BIBALTCsI 66iNYKA0T Ha BBILYKJIOM MHOX)KecTBe U, eciiu
J(au+ (1 —a)v) <aJ(u)+ (1 —a)J(v) Vu,ve U,Vae[0,1].

W BBeEM HECKOJIBKO HOBBIX TOHSTHI:
Onpedenerue. Oynknnus J(u) HABBIBACTCI CMPO20 GHNYKAOU, CITH

J(au+ (1 —a)v) <aJ(u)+ (1—a)J(v) Yu,ve€ Uju#uvVae (0,1).

Onpedenerue. Pyukuus J(u) HA3BIBACTCSA CUALHO BbNYKAOT ¢ KOdDduImenToMm Kk > 0,
ecmn

Jou+ (1 —a)w) < aJ(u) + (1 —a)J(v) — ga(l —a)|lu—v|* Yu,ve€ U, Vaelo1].

Teopema 5 (0 JOKaJIbHOM MHHMMYMe BBIIYKJIOH dyHKIMN). [Tycms mmoocecmseo U
sunyraoe, ynruus J(u) swnyraa na U, J, > —o0, moeda:

1) wobas mouka aokarvrozo murumyma J(u) na U asasemes moukoll 2406041020 Mu-
HUMYMA;

2) ecau U, # &, mo U, swvinyrio;

3) ecau U, # &, a J(u) empozo evinykaa, mo U, = {u,} (cocmoum us odnozo snemenma,).

Teopema 6 (cuJIBHO BBIMYKJIBI BapuaHT TeopeMbl Beiiepmrpacca). [Tycmoe H —
euavbepmoso npocmparcmeo, mnoocecmso U C H swnykao u 3amrnymo (ne ob6azamenvro

oeparueno!), pyrnkyus J(u) cuavio sunykia ¢ KoIGHUUUEHMOM K U NOAYHENDEPBIBHA CHUSY
na U (m.e. u caabo nosynenpepvisha crudy) mozda:

1) J. > —o0;

2) U, ={u,} # ;
8) Yu e U &llu—u. g < J(u) — J(uy).

Teopema 7 (kpurepuii BoimykJiocTu s auddepeHiupyeMbix dbyHkmit). Tycmo
H — euavbepmoso npocmpancmeo, muoscecmeo U C H ewnyxao, J(u) € CHU). Tozda
caedyouue Ymeeparcoenus IKEUCAACHIHDL:

(a) J(u) ewnyraa;
(0) J(u) = J(v)+ (J'(v),u —v)y Vu,veU;
() (J'(u)—J'(v),u—v)yy =0 VuvelU.

Ecau, kpome moezo, J(u) € C*(U) uintU # &, mo sxeusarernmmo, ymeepoicdenus (a)—(c)
u ymeeporcoenue

(d) (J"(u)-h,h)g =20 VYueU,VheH.



Teopema 8 (kpuTepuii CHIbHON BBILYKJIOCTH 151 fuddepeHrupyeMbix OyHKITHA).
IIyemy H — 2uavbepmoso npocmpancmeo, mnoscecmeo U C H ewnyrao, J(u) € CHU).
Tozda caedyrougue ymeepocoenus IKEUBANCHINHDL:

(a') J(u) cuavno evinykaa ¢ Kospduyuermom k > 0;

() J(u) = J(v) + (J'(v),u—v)g + §lu—vl§ Vu,veU;
() (J'(u) = J'(v),u—v)yy = kllu—2|} VYu,veU.

Ecau, xpome mozo, J(u) € C*(U) w intU # &, mo sxeusarenmmw, ymeepoicdernus (a') —
() u ymeeporcderue

(@) (J"(u)-h, Ry > k||h||Z  Yu € U,Vh € H.

Teopema 9 (ycjoBUsI ONTUMAJIBLHOCTA B (pOpPMe BAPUAIIMOHHOTO HEPABEHCTBA).
ITycmuv mmosicecmeo U — ewvnyrao, J(u) € CHU). Tozda

1) ecau u, = argmin J(u), mo (J'(us),u —us) =20 YueU (1);
uclU

2) ecau u, € intU, mo J'(u,) =0;
3) ecau evinoansemcea (1), a J(u) ewnykaa, mo u, = argmin J(u).
ueU
MeTrpudeckasi IpOeKIAs

B srom nyakre M — merpuueckoe npoctpancTso, p(x,y) — merpuka, U C M.

Onpedenerue. IIpoexuyuet pry(v) Toukn v Ha MHOKecTBO U HasbiBaercs argmin p(u, v)
ueU

(B HEKOTODBIX CJIydastX BbIMOJHEE PACCMATPUBATL MPOEKIMIO Kak argmin p?(u,v)).
uelU

Bamernm, 9To B ciaydae, korja U He BBITYKJIO, IPOEKIHs TOYKH, BOOOIIE TOBOPST, MOKET
OBITH HE eJMHCTBeHHOIT (cM. puc. 8).

JI1si HEKOTOPBIX MHOXKECTB MPOEKIMU TOYKKM Ha HUX BOoOOIIe He cyinecrByer. Hampumep,
ecam paceMoTperh oTKpbIThiil map U = {||u]| < 1} u rouky BHe 3TOT0 I1apa, To oHa He Gyer
UMeTb IIPOEKIIMIO Ha 9TO MHOYXKECTBO (CM. puc. 9).

Teopema 10 (cymiecTBOBaHUE U €IMHCTBEHHOCTH IIPOEKIINN U €€ CBOMCTBA).
ITyems H — 2uavbepmoso npocmpancmeo, U — 6vinyk.aoe 3aMKEHYMOE MHOHCECNEO, M020a
1) das nwobozo snemenma h us H cywecmeyem eduncmsennan pry(h);

_ pevy, .
2) p—prU(h)(:){ (p—hu—p)y >0 YueU (em. puc. 10);

3) Ipru(f) —pro(@llm < ||f —gllm Vf,g € H. 9mo ceoticmeo nasvsarom wecmpozoti
CHCUMAEMOCTIILIO ONEPATNOPA NPOEKMUPOSAHUA (cM. puc. 11).

Teopema 11 (npoekinmonHasi dpopMa Kpurepusi onTuMaiabHocTn). [Tycmo H — 2uan-
6epmosco npocmpancmeo, U — evnykaoe samxnymoe muosicecmeo, J(u) € CH(U), J(u) 6vi-
nykaa. Tozda

u, = argmin J(u) < Va >0 wu, = pry(u. — aJ'(u,)).
ucU
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Mertos, ckopeiiliero cirycka

PacemorpuMm j1octaTodHO OOIIYIO 3819y MUHUMUA3AIUN:

J(u) — inf, w e H. (1)

s e€ perenns B JIAaHHOM METOJ€ CTPOUTCS CJIEIYIONIast UTePAIMOHHAS ITOCTIEI0BATEb-
HOCTb:
/ .
Uppr = up — o (ug), K=0,1,2,...; >0 (2)

Jlnst Havasta mporecca uTepupoBaHnst HeoOxo Mo 3a1aTh Uy € H. Criocobos, s BbIOOPa
Ug B ODOIIEM CJrydae He CYIIECTBYET U B OCHOBHOM 3/1€Ch UCXOJIAT U3 KAKUX-TNO0 SMIUPUICCKUX
JIAHHBIX U TIOJIAral0TCS Ha OIBIT.

Kpurepun ocranoBku mporiecca TPUOJIMKEHHOTO HAXOXKJIEHUs] MUHUMyMa MOTLYT ObITh
OCHOBaHBI HA Pa3JIMYHBIX coobpazkenusx. [IpuBeiéM HekoTOpbIe U3 HUX:

1) Jugy —well < e
2) I (ua) = J (un)|| < e2;
3) " (we)|| < es.

(e; BBIOMpAIOTCS, UCXO/d M3 TpeboBaHUil K perrernio). OOBIMHO HA MPAKTUKE MPUMEHSIOT
KOMOWHAIIUK STHX OIECHOK.

Bri6op miara ciycka oy, B 00IIEeM CJlydae TakKe He e/IMHCTBeHeH (IPUYEM Ha KasKJIOM Iare
OH MOKET OBITB B34T 10-pasnomy ). Horma ay, 6epyT He 3aBucsmum ot k: ay, = a = const > 0.
B meroze ckopeiitero cirycka « OIpeieisieTcss KOHKPETHBIM 00pa30M:

oy = argmin J(uy, — aJ' (ug)). (3)
a>0
O6osznaanm depes fi(a) Beipakenue J(u, — aJ' (uy)).
Bamernm, 9TO B IIPU TAKOM BBIOODE Vg, CITH Uy 41 = Uy, TO J60 oy = 0, 60 J'(uy) = 0.
Cayuaait J'(uy) = 0 gBigercss HEOOXOJUMBIM yCJIOBHEM MHHHMYMa W IIPOIECC UTEPUPOBAHI
MOXKHO OCTaHOBHTB. A B cirydae, Korja oy = 0 u3 (3) umeem

fi(0) =0
fi(0) = (J'(ug), J'(ug)) < 0.

Orxyna f,.(0) = 0 i MBI OIATH HOJIYIH/IH HEOOXOANMOE YCJIOBHE MHUHIIMYMA.

Teopema 12. ITycmov H — 2uavbepmoso npocmpancmeo, J(u) € CH(H), J(u) cuavho 6vi-
nykaa ¢ xoappuyuenmom k > 0, J'(u) € Lip(H) ¢ wonemanmot L > 0. Tozda npu aobom
6wl00pe Hauavnol moyky ug ud H memod (2)—(3) crodumesa x mouke Munumyma w, 3adayu
(1), npuuém daa ckopocmu cToOUMOCTNU CNPABEOAUBH OUEHKA:

Sl = el < Tug) = T(w) < @) = T(wn), e g =1= T €0,1) (4

11



HerepLIBHLII'?'I aHaJIor' MeToJda CKOpeﬁlﬂeFO CIIyCKa

Kak u B mpeJpynieM MeTojie, 3/eCh Mbl PACCMATPUBACM 3a/1ady MUHUMU3AINUN (DyHKIIUHI
J(u) Ha mHO)KecTBe 6e3 orpannvenuit U = H:

J(u) — inf, u e H (1)

[IpuseéM HEKOTOPLIE (OpMAaIbHBIE PACCY¥KJIEHUs, KOTOPbIE IO3BOJIAT HaM IOJIYYHUTh
HeIIpepLIBHBI aHaAJOr MeTojla CKODEIero clycka. PaccMoTpuM mmar Iporiecca Jjis 3TOro
METOJIa:

Upr1 = up — aJ' (uy,).

Ecmu pacemarpusarh At Kak HeKHiI BpeMEHHOM Iar, TO Pa3JejiB 9TO paBeHCTBO Ha Aty
[OJIY YUM:
Ug+1 — U Qg T
A A )
k k
Ecimm Teneps 3aj1aTh 3HAUEHUE u(t) B Ha4YaJIbHBIII MOMeHT BpeMeHU t = (), TO Mbl IIPUJIEM
(MCxogIst U3 37[PABOrO CMBIC/IA) K CHCTEME

{ Z’((g)) :u—oﬁ(t)J’[u(t)}, t>0 )

Teopema 13. ITycmov J(u) cuavho sunyxaa na H ¢ xosdpuyuenmom k > 0, J'(u) € Lip(H),
B(t) = By > 0 nenpepwvishna no t. Toeda das 106020 nauarvhozo npubsudicerus uy € H memod
(2) cxodumcs K u, U OAA CKOPOCTU CTOOUMOCTNU CNPABEOAUBH OUEHKA:

() = wllan < fluo — waflw-e™ ", ¢ >0 (3)
Metoa nmpoekiium rpaJineHTa

B sTom myHKTe paccMoTpuM 3ajady MuHuMusanuu GyHKiun J(u) Ha MHOXKECTBe, yiKe He
COBIaJIAIONIEM €O BceM mpoctpancTsom H (3a1a4dy HA YCJIOBHbBIH MUHEMYM):

J(u) —inf, weUCH (1).
B JaHHOM METOJIe PACCMATPUBAETCST UTEPAIIMOHHAS TTOC/IE0BATEIHLHOCTE
g1 = pry(ue — apJ (ug)), k=0,1,2,... (2)

[Ipu 5TOM HEOOXOIMMO YINTHIBATE, UYTO HA KaXKJOM IIare MpuOIMKEeHNs BCE TOUKH Uy, TOJZKHDBI
npunajgiexkars U. g npocToTsl OyaeM cauTaTh, 9To

ap = a = const (3)

Teopema 14. IIyemv U C H — eswnyraoe, samxnymoe mmosicecmeo, J(u) € CHU) wu
cuavho eunykaa ¢ xoapduyuenmom k > 0, J'(u) € Lip(U) ¢ xonemanmot L > 0. Hycmo
makorce o € (0,25) . Toeda dan mobozo nauarvnozo npubausicenun ug € U memod (2), (3)
cxodumca:

lur — el < JJuo — wal|mq" (@), 20e 0 < q(a) = V1 —2ka +a2L? < 1. (4)

12



Metona yc/ioBHOTO I'paJiieHTa

B sToM myHKTe paccMaTpuBaeTcs 3a/ada MEHIMU3AINE CIEYIOMEro BUJIA:

J(u) —inf, weUCH. (1)

U yest MeTO/Ia yCJIOBHOI'O IPaJIMEHTa OCHOBAHA Ha TOM, YTO B OKPECTHOCTH TOYKH ) (DYHK-
roHas J(u) MOKHO MPUOJIMZKEHHO IIPEJICTABUTD KaK

Tak kak J(uy) 6;m3K0 K J(u), TO MBI cTapaeMcsi MUHUMU3UPOBATEH CKAJISIPHOE IIPOU3BE-
nenue Ji(u) = (J'(ug), u — ug) . Beegém oboznatenue

Uy, = argmin Ji(u). (2)
ucU
Toryia urepanuoHHast IOCIEI0BATEILHOCTD PACCMATPUBAEMOTO METOJIA ONUCHIBAECTCS KaK
U1 = g + g (g, — up), (3)
rie ap = argmin J (uy, + o (g — ug)) (4)
0<axl

Jlemma 1 (omeHKa CKOPOCTH CXOAMMOCTY YHCJIOBOMH I10CJIEOBATEIBHOCTH).
IIyemy daa monomonnotl wucaosot nocaedosamenvrocmu {ag}o -

ag > a1 > ...> 0, > ...>0

2
EOINONHACTICA YCAOBUE ap —agy1 = Crap, k=0,1,2,...

Tozda eepra ouyenra: a, < ag m=0102,.. . (%),
1+ aoCm
Teopema 15. [lycmv» U C H — swnyxaoe, samxnymoe, 02paHUMEHHOE MHOHCECTNEO,
J(u) € CY(U) u sunyxraa, J'(u) € Lip(U) ¢ xoncmanmoti L > 0, D = diamU. Tozda
J(ug) — Js ( 1 )
Jug) —Jo < ———=0| -+ 5).
ERATE T "

Ecau J(u) cuavro euinykaa, mo, KpoMe 3mo20, GuiNOANEHO YCAOBUE

K
§||uk — | < J(ug) — Ji

Meton HbroToHa

Paccmarpusaem 3amaay Murnvusaun Gysximmn J(u):
J(u) —inf, weUCH (1)
Unest meroga HpioToHa 10X0Ka Ha METO/| YCJOBHOTO I'DAJIMEHTa, HO 3/eCh Mbl Oy/IeM HC-
[0JIb30BaTh HE JIMHEHYIO, a KBaJpaTHIHy0 armnpokcumanuio GyHknun J(u) B OKPECTHOCTH

TOYKU Up:

J(w) = J(ug) + | (' (ug), v — ug) + % (J" (ug) (u — ug), u — ug)

O6o3HauNM BBIpaskKeHHE B KBaJIPATHBIX CKOOKax 1epes J(u) (KBaJpaTuvHO 110 u).
Ha kazkj1oM 1mare mporecca HaxouTcst MUHUMYM

Uy, = argmin Ji(u). (2)
uelU

U Beruncisiercs cieyioniee npub/zkerue o dopmysiam (B obIIeM ciydae):

Upgr = Uy + (T — u), ap, = argmin J(ug + (T — uy)).
0<axl

13



Ho mbI Oyziem pacemaTpuBaTh METOJ, B OoJiee TTPOCTOM BapuaHTe, KOTJIa (v He MUHUMU3HU-
PYIOTCS M PUHUMAIOTCS paBHbIMEU 1. B aToM ciiydae ugi1 = Up. D10 “Kiraccuiaeckuii’” MeTo/1
Heiorona.

Teopema 16. I[Iycmv U C H — swnykraoe, samrrymoe muoscecmso, npuuém int U # &,
J(u) € C*(U) u cuavno sunyraa ¢ xoafpuyuenmom k> 0, J"(u) € Lip(U) ¢ koncmanmori
L > 0. Tozda ecau q = £|jus — uollw < 1, mo memod (2) cxodumes x u, u 6epna caedyrouasn
OUEHKA CKOPOCTU CTOOUMOCTIL

2 1
Huk—U*H]}Hg fﬂqQk (1_q2k> ) k:()71727 (3)

Merto/1, conpsi>KEHHBIX HaIMpaBjeHui (rpaJneHTOB)

B sTOoM myHKTE paccMOTpUM 3aJ1ady MUHUMUIAIMH JJ1s1 (DYHKIIMOHAJIOB CIEIUAIBLHOTO BUJIA
B KOHEYHOMEPHOM T'MJILOEPTOBOM ITPOCTPAHCTRBE:

J(u) = = (Au,u) — (f,u) — inf, weR"=U, A" =A>0. (1)

N | =

Kpurepuem onrumasbHOCTH 7T Takoii 3a1adn sBisiercsa yciaosue J'(u,) = 0, KoTopoe
9KBUBAJICHTHO yCJIOBUIO Aty = f.

Nnes meTosia cONPszKEHHBIX TPAJIMEHTOB 3aK/II09aeTcd B ciemyromeM. [lycrs {pk}z;(l) —
basuc B R"™. Torma mjst 10060t TOUKHT 1g 13 R™ BBIIOJIHEHO PABEHCTBO

Ux — Uy = QoPo + Q1P1 + ... + Xp—1Pp—1-
Takum obpazom, u, TpeacTaBUMO B BHUJIE
Uy = U + QoPo + 1P1 + ... + Qp—1Pn—1.
Torna ureparoHHyIo IOCIEI0BATE/ILHOCTD JJAHHOIO METOa MOYKHO OIIMCATh KaK
Ug = Ug

U1 = Ug + QoPo
Uz = U + Qopo + 1Py

(TouHOE ommcaHue UTepaIyu OyIeT JTAHO HUKE).
[ToxeiicTBOBaB Ha BBIMIEIIPUBEIEHHOE PABEHCTBO oreparopoM A, mosryanm

f — AUO = OéoApo + OélApl + ...+ Oén_lApn_l.

Bripazkenue f — Aug cumTaeM M3BECTHBIM, W Hallla 33Ja9a COCTOUT B HAXOXKJICHUH (v, &
TakzKe “IpaBuiIbHOrO” BhIOOpa Oasuca {py}.

14



Onpedenerue. BeKTOPBI p U ¢ HA3BIBAIOTCS CONPANCEHHLLMU OMHOCUMEALHO MATMPULDL
R = R* >0, ecsiu (Rp, q) = 0. Ilo-npyromy 310 Ha3BIBAIOT OPTONOHAJIBHOCTHIO OTHOCUTEHHO
CKaJIAPHOrO 1pomsBeenus (p, q), = (Rp,q) .

Ecimu {p;}}—4 — 6asuc u3 CONPsKEHHBIX OTHOCUTEIBLHO A BEKTODOB, TO

(f — AU0>Pk>

, k=0,n-—1. Q
(Apr, pr) (@)

A =

Jlemma 2. [Tycmo H=R", A= A* > 0, {pk}z;é — 0a3uUc U3 CONPANCEHHBIT OMHOCUMENDHO
A sexmopos, up = ug_1 + ax_1pr—_1, 20e ay sviuucaaromea no gopmyaam (o). Toeda

. (J'(ur), pr)g
o = o, = argmin J(ug + o = /-7 2
b F —m§a<+oo ( g pk) <Apkapk>H ( )
u S —
<J/(uk+1)>pk>]}]1 =0 Vk - 07 n—1 (3)

Omnwuiem 10/1poOHEE WTepaluil B paccMaTpUBaeMOM MeToje. B KadecTBe MEpPBOro MpH-
osmzkenust 6epém Jiodyro TouKy u3 R”, a mepBbIiil BEKTOp OyIyiiero 6a3uca BbIMUC/IsIEM KaK
3HAYEHNe TPOU3BOIHON dyHKIMHN J(u) B JaHHOH TOUKe:

{ Yug € R™
po = —J'(uo)

Tenepb mycTh TpebyeTcss BHIYUCIUTD k + 1-10 wTepaluio, Korja Mmpeablayinie k y»Ke Bbl-
YUCJIEHBI, TOTJA IPUMEHSIEM CJIeIyIoIue (hopMyJIb:

Upt1 = Uk + QpDy, (4u)
Pit1 = —J (Wp1) + Brpr (4p)

Quk, 371€CH BBIAIuCIIsTIoTCst 110 hopmysiam (o) wiu (2) (obosuadmm st 0iH006pasust (GOPMyJIbl
(2) kak (4a)). Kosdbdunuentor xke [y, GepyTes TakuM 06pa3oM, 9TOObI JJIsl Py COXPAHSIIACH
OPTOTOHATIBHOCTH (CONPSAKEHHOCTD) C P

(J'(ugs1), Apr)

<Apk, pk) <4ﬁ>

B =

Teopema 17. IIycmo H = R" — zuavbepmoso npocmpancmeo, J(u) = %(Au,u) —(f,u),
A* = A > 0. Toeda memod (4) cxodumcsa U, 3a KOHEWHOE YUCAO WaA206 (HE MPEBOCTO0A-
wee n), npuuém

(a) (Apr,pm) =0 Vk#m;
(b) <Jl(uk)7 J,(um)> =0 Vk#m;
(¢) (J'(up),pm) =0 VYm=0,1,... k—1.
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MeTtoa IMOKOOPAMHATHOTO CITYCKa

3/ech Mbl OyJieM paccMaTpUBATh IKCTPEMAJIBHYIO 3a/[ady B KOHEYHOMEPHOM THJILOEPTOBOM

npocrpanctse H = R™:
J(u) — inf, u e R"™

ITycrs {px}}_; — 6asuc B R™. Ilo0KUM pp 1 = D1, Ppi2 = Do, - . . Llycrs Takzke uy € R™* —
HEeKoe HavasIbHOe Npubamzkenne. IIpeanoIoKum, 9To yzKe HOCTPOeHbI k IMpUuOINKEeHit 1y, 1
MBI HAXO[uMcs Ha k + 1-OM Iare nreparum.

Hazosém (k + 1)-if mar ureparnuu ydaunvim, eCim

J(up, — arpryr) < J(ur),
J (g, + agprs1) < J(ug).

B nporuBHOM ciiyuae Ha30BEM IHAr HeydauHbiM.

Eciu mar ynadneiit, To obHOBIIsSIEM Uy, (6epém TO 3HaveHue, rjae MeHbine J(uy1)) U He
MEHSAEM (k. Qg1 = (. K€M Ke mar HeyadHblil, TO IepexouM K 00pabOTKE Pgio.

Kpowme Toro, BesiéTest 1mocdéT HeyaadHbIX MAroB “mojaps . Ecim 3To 4ucio ctaHOBUTCS
PaBHBIM Pa3MEPHOCTU MIPOCTPAHCTBA, TO IIPOUCXOUT JIPOOJIEHUE (v: Ugyq OCTABJISIEM DPABHOI
Ug, TIEPEXOUM K 00pabOTKE BEKTOPA Pgi2, U TOJIATAEM (ki1 = Ay, Tae A € (0,1) — Hanepén
3aaHHbIi Koaddurment npobsenns (06bI9HO ero 6epyT paBHbIM 1/2).

Teopema 18. ITycmv ¢ynrxyua J(u) € CHR™) w ewnykaa, mmoocecmeo Jlebeza
M(up) = {u € R*|J(u) < J(ug)} oepanuueno. Toeda onucannwiii eviwe npouecc crodum-

CA U NO PYHKUUU U NO AP2YMEHMY:
J(ur) — Jo  plug,Us) — 0.
k—o0 k—o0
Sajga4u JIMHEHOrO IPOrpaMMUPOBAHUS

B 9ToM myHKTE MBI PACCMOTPUM 3ajady MuHUMHU3amu dyHKiwonana J(u) = (¢, u) B TUIb-
oepropom npocrpancTee H = R", riue ¢ ¢pukcupoBano u3 R”.
Obmas 3a/1a9a JIMHETHOrO IPOrPAMMHUPOBAHIA PACCMATPUBACTCS HA MHOXKECTBE

U = {u € R"| (a;,u) = by, @, u) <b;, i=T,m,j=T15} (1)
Ecau BBecTn psij obo3HadeHMIA:
a; ay by E
A=] ® A=| @ b | 2 7
Um @ b by

1o MHOKecTBO U MOXKHO omucaTh B 00Jiee KOMIIAKTHON MaTpudIHOil (hopme:

U ={u € R"|Au = b, Au < b}.
Hapsity ¢ obmeit 3ajaqeii (1) Mbl GyJieM paccMaTpuBaTh KGHOHUMECKYNO 3aJady JIMHEHHOIO
IIPOrpaMMUAPOBAHUSA Ha MHOXKECTBE

U = {u e R"|Au = b,u > 0}. (2)

Bamernm, aro 3a1ada (1) cBomurcs K 3agaqe (2). deiicrBuresnbho, nosoxuM B (1)
w; = max{0,u;} >0, v =max{0,—u;} >0, y=0b— Au>0.
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Torma MOXKHO paceMOTpeTh 33J1a4y (2) OTHOCUTETHLHO HOBOM MepeMeHHOil 2:
z = (y,v,w) € R* 2 >0

J(u) = (¢,u) = (c,w — v) — auHeliHA 1O 2 (HE 3aBUCHT OT Y),
a OrpaHWYeHUs 33IAI0TCs paBeHCTBOM A(w — v) = b.
Onpedeaerue. Touka v Beiykioro Muoxkecrsa U HasbIBaeTCH y240601U TOYKON ITOrO
MHOXKECTBa, ec/i 13 coorHommenns v = oz + (1 — o)y, tue z,y € U, « € (0,1), caeayer, aro
v=x=1y.

Teopema 19 (kpurepuii yriaoBoii Touku ajsi kanoumdeckoro U). [lyemv mampuya
A = (A]As]--|A,) (pacnucano no cmosabuyam). Touka v asasemcea yeao060t moukol ka-
nonuveckozo muoocecmea U mozda u moavko mozda, koeda cyuecmeyem nabop cmoabyos
A A, AL (h <2 <o <Jp), r=rank A, npuuém

Ajlvjl + Aj2vj2 +oot Ajrvjr =, (3)

edev;, 20 (i=1,r), a¥j¢ Jy={j,jo---,0r} v;=0.

Onpedeaenue. YriaoBas TOUKa U KAHOHUYIECKOIO MHOXKeCTBa U HA3BIBAETCS HEGHIPOIHC-
ennotl, ecm TBYET TaKOil H b, UTO U; JIsl BCEX j b. DTU K uHATHI (]
0 , €CJIM CyIIecTByeT Takoit nabop Jy, 1ro v; > 0 cex j € Jp. D 00 a
HA3LIBAIOTCS 6a3UCHbLMU JJIST TOYKH V:

B = (A;,|A),|... |4, ) — 6a3uc v.

Onpedenernue. Ecim y muoxkectBa U Bce yriioBble TOYKH HEBBIPOXKJICHHBIE, TO 3ajada
MUHUMU3AIUN (2) HA3BIBAETCS HEBHIPOHCIEHHOU.

CuMILIeKC-MeTOo/I,

3/1ech Mbl IPUMEHHUM allllapaT YIJIOBBIX TOYEK JIjI PACCMOTPEHUs ONTUMHU3AIMOHHON 3a/1a91
CJIETYTOIIETO BUJIA!

J(u) = {c,u) —inf weU={u>0,Au= 1>} (1)

Nnesa meTona yiezkxut B mepebope JIMIIB TOJBKO YIVIOBBIX ToueK MHOKecTBa U. HacTo 10
[I03BOJISIET HANTU ONTUMAJILHOE pellieHne ObICTPee PACCMOTPEHHBIX Bhillle MeToI0B. [lepeiiiem
K OITMCAHUIO CHUMILIEKC-METOJIA.

[Iycrs mmeercs yruoBasi Touka v MHOXkecTBa U (KakuM 00pa3oM OHa HAXOJMUTCS, HAM
cefiuac He BaxKHO). ByseMm cunrarh TakzKe, 9To U3 MATpHIlbl A BHIKMHYTHI BCe JIMHEHHO 3a-
BUCUMBbIE CTPOKHU (B CHCTEME HET JIMHEHHO 3aBUCHMBIX YPaBHEHHU), To ecTh 1 = rank A = m.

Haxonsco B ycmosusx Teopembr 19, MoxKiO 3amucarhb, 910 U, = (Vj,,...,0j ) — Oa3UCHDLIE
st v, v, > 0, a ocranbHble v; paBHbl Hymo. Obo3nadnM depes J, MHOXKeCTBO {1, ..., Jr},
a depe3 J; — mmoxkectBo {1,...,n}\J,. llycts nanee s coorsercrByromux Aj Marpuia

B = (A;,|Aj,|--+]A;,), a ocrasibHble CTOIOIBI MATPHIBI A 06pa3yio HEKYIO MATPUILY £y (n_p).

ITo onpenenenuio B u Teopeme 19 det B # 0, u cymecrsyer obparnas Marpura B,
Pazobbém BekTOp 4 = (ug,...,u,) Ha GasucHele mepeMeHHole U, = (Ujy,...,u; ) 1 Ha

cBoboHbIe nepeMennnle uy. Torga yciosue Au = b Moxkno 3ammcaTb Kak Buy, + Fuy = b.
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B srom cayuae st up B (1) cnipaseymeo paBeHcTBo w, = B0 — B~ Fuy, a tak xak Av = b
TOIJIa U TOJIBLKO TOrAa, Korma Bv, + Fuy = Bu, = b, TO 9T0 PaBEeHCTBO MOXKHO IEDPENNCaTh
Kak u, = vy — B~'Fuy. Temepb oT KaHOHMYECKHX orpaHnmueHnit u > (0 MOXKHO mepeiiTn K
HEKAHOHUIECKOI (hopme:

{ Uug P 07

B_IFUf < vp.

st dyskmun J(u), HCTIOIB3yst Te ¥Ke PAcCyK/ICHNUs, MOXKHO HAINCATh:

J(u) = (¢, u)gn = (Co, Up)r + (Cf,Uf)pnr =
= (ch, V) gn + (7 = (BT F) e, g ), = J(0) = (A, uy), (2)

re J(v) = (¢,v), —A =c; — (B™'F)T¢,.
Beeném obosnauenue
glug) = J(v) = (A, tp)ga—r - (3)
Bamerum, uro B oM ciydae J(v) = C = const. Torga 3amada (1) cBogures K 3ajade ¢
MEHBIIINM KOJIMIECTBOM [EPEMEHHBIX, HO ¢ HEKAHOHUYECKUMU OIDAHIICHUSIMU:

g(us) = J(v) — > Aju; — inf,
JeJs (4)
ur € Uf = {’LLf =0, (B_lF)Uf < Ub}.

Ob6ozHaunM Uepes JJT MHOXKECTBO Tex j € Jy, aust koropbix A; > 0. U nycers k € J7,
HallpuMep, CaMblif MEHBIIINIL:

k = min j. (5)

7t
]EJf

Pacemorpum  ts (4) mozpzajgady MuHEME3AMH  (QYHKIUE OT OTHOW I€peMEHHOI

ur=(0,...,0,u,0,...,0):

gr(ug) = J(v) — Aguy — inf,
U € U* = {Uk >0, (B_lF)kuk < Ub}.

O6oznauum vepes v, BekTop (B~'F), = B~1 Ay, u nycrs

Tk

Y2k .
Ve = : ) I]:_:{Z:].,T|’sz>0}, (6)

Yrk

(1,7 ecrb MHOKeCTBO “peasnbHBIX” OrpaHMYeHmil CBepXy Ha ). Torja B KauecTBe pelleHns

0 = min <&> . (7)
ielr \ ik

OrnmmeM Tenepb HEMOCPEJICTBEHHO caM MeTo . BO3ZMOXKHBI CJIEIYIOIINEe CUTYAIIHMN.

MoA3aavun MOXKHO B34Th

1) Jf = @. B atom ciiydae v npunajiexut muozkectsy U, (onTuMaibHa) U Mbl OCTAHAB-
JINBAEMCH.
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2)

J§ # @, m cymecrsyer taxoii nomep k € J7, uro I,” = @. Ho Torma ner “peaybipix”
OrpaHmYeHNiT Ha Uy, KOTOPBIE MOTYT GecKoHedno Bo3pacraTtsk. OTkyna J, = —oo, U, = @
U TIPOIIECC UTEPUPOBAHUS CJIEIYET OCTAHOBHTD.

MmuoxkecTBO J}“ He TIyCTO U JIjIst JIio0oro k u3 J}r COOTBETCTBYIOIIEE MHOKECTBO [, TakzKe
He mycTo. (DToT caydail mpecTaBisgeT coboil HeoCpeICTBEHHO “mar”’ MeToIa. )
Bepéwm k o npasuiy (5), uy, = ) mo npasuiy (7).
B (7) MuHEMYM MOXKET JIOCTUTATbCS Ha HECKOJIBKUX HOMEpaX, [MOITOMY BBEJIEM CyIep-
Mera-MHOZKECTBO

U ..

+Yy )7t Y
(). ={ic 112 =

Vik

U U3 Hero BbIOEpEM, HAIpUMeD, HAMMEHBIINN 3JIEMEHT s = min .
ie(rh),

[Tocsie sTOrO HEPEXO/ UM K PAcCCMOTPEHHIO clieyiolieil yriosoit Toukn w € U, Koropas
BBIYUC/IAETCS 1O NpaBuiy w, = vy, — B~ 'Apug. JloKaskeM, UTO NPU MCHOJIL30BAHUE
TAKOr'0 IPABUJIA MBI JIEHCTBUTEJILHO MOJIYYUM YIVIOBYIO TOYKY.

1t TOYKM W COOTBETCTBYIOIIAsA eif MmaTpuiia B Oy/eT uMeTb BUJ

B(w) = (Aj |- -[Aj o [ARl A |- -[A,)-

s+1|‘ :

Hawm neobOxoauMo 1mokasarh, 9To 9T0 ecThb ba3uc. Criaenaem 1o 110 omnpejeneHuio. [ycrsb

OélAjl + ..+ asflAjsfl + OékAk —+ as+1AjS+1 + ...+ OérA]'T =0.

[TogcraBum B 910 pasencrso A, = By, = v 4, + ... + 14, Torga rak xak B(v)
ecThb Da3nc, To HeOOXOANMO JIOJIZKHO BBIIOJIHATHCS

Q; + ApYik = 07 Vi 7é S,
aYsk = 0.

Orcrofia citejyer, 9To Bee (y; paBHBI HYJIIO, TO ecTh B(w) — Ga3uc.

Taxum obpaszom, o Teopeme 19 MBI TOJTydaeM, 4TO w JAEHCTBUTE/IHLHO yIJIOBask TOYKA,
MHO)KecTBa U.

3ameuarus.

)

2)

B cayuae, xorga v BeIpoxkeHa, 0, = 0 u v = w. Ilpu 3TOM MOXKET IPOU3OUTH 3AIUK-
JIMBaHUe Iporiecca, HO MpaBmiia BbIOopa k u s (mpasmia BisHa) M03BOIAIOT H36eKaTh
9TOTO.

Ecmm yrnoBeix Todyek B MuOkKecTBe U KOHEYHOE HYHCIO, TO OCTAHOBKA IIPOIlECCa IIPO-
H30IIET Yepe3 KOHETHOe YHCIIO MAroB Ha ciaydasx 1) mim 2).

B komie nyakTa cdopmyanpyemM 0OOOIIAOILYI0 HAIN PACCYKIEHUT TEOPEMY.
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Teopema 20 (K 3a7a4e JIMHEHHOTrO MpOrpaMMupOBaHus). B 3adaue aunelinozo npo-
2PAMMUPOBAHUA BLINOAHAIOMCA CACOYIOULUE YMBEPHCOEHUSA:

1) ecau U # @, mo 6 U cywecmsyem no kpatinet mepe 00na yeao6aa mouKa;

2) ecau J, > —00, mo 60 muoocecmee U, codeporcumes no kpatinets mepe 00na mowka.

Joxazamenncmao.
Jloka3aTeIbCTBO 9TOW TEOPEMbI, 10 CYTHU, ITPUBOJIUTCSA B OOOCHOBAHUU CHMILIEKC-METO/IA
(mepeGopa 1o yriIoBBIM TOYKAM ). O

3ameuarue. YTBepXKIeHNe 2) CIPABEJINBO MEHHO JIJIS 381891 JTMHEHHOTO TPOrPaMMIU-
poBaHus. B mpoTUBHOM CiIydae 310, BOOOIIE roBopsi, He BepHo. Hamnpumep, ecim J(u) = e
(sTo0 He 3ajaua auHefiHOro NporpamMuposanus), o U =R, J, =0, no U, = @.

6 Metoabl cHATHS OrpaHMYEeHU
B sToit riaBe paccMaTpuBaloTCs 3319 MUHUMUA3AIUT (DYHKITHOHAJIOB
J(u) — inf, ue U

¢ ya96TOM OrpaHmdeHnit Ha MHOXKecTBO U.

OTH orpaHuvIeHust MOTYT ObITh “TEPIUMBIMI ', HAIIPUMED, U MOXKET IIPUHA/IIE’KATh HE BCe-
MY IIPOCTPAHCTBY, a KAKOMY-JIU0O0 MOJMHOZKECTBY 9TOr0 IIPOCTPAHCTBA. Takue orpaHudIeHust
MBI HE PacCMaTpUBaeM U CIUTAEM, 9TO X MOXKHO OOONTH IIPOCTBIMU METOIAMHU.

Hac xe OyayT naTepecoBaTh 6osiee “pyHKIIMOHAIbHBIE OT'pPaHUYeHHs Ha u. PaccMoTpum
KOHKPETHBII IIpuMep:

uwe U= {UGUO CH|91<U> <077gm(u) <ngm-l-l(u) :07"‘7gm+8 :0}7

rae ¢g; Kakue-anoo (pyHKIIH.

3/1ech UHTEPECYIOIUe HAC OTPAHUYIEHUST TO M OIPAHMYCHUIT THITA ‘HEPABEHCTBO U S OI'pa-
HUYeHui Tura “paBeHCTBO” (“TepluMbIM’ OrpAHUYEHUEM SIBJISIETCS IPUHAJJIEXKHOCTh TOYKH
u muOKecTBY U)).

EcrecrBenno, kakne-m00 U3 OrpaHnydeHnii MOTYT OTCYTCTBOBATb.

Metoxa mitpadoB
B sToM MeToze paccMaTpuBaeTed 3a1a9a MUHUMU3AIMA C OFPAHNYEHUSIMU CJIeIyIOIero BUJIA:
J(w) —inf, ue U={uec Uy CH| g (u) <O0,...,gm(u) <0,
gm-i-l(u) = 07 s Omts = O} (1)
Paccmorpum dyHKIuo (Ha3bBaeMyo wmpa@om Wi wmpadnot dyrrkyued):

m+s

P(u) = (g ()", pi>1 (oGbrmo p; = 2).

=1
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Oynkiun g;" (u) HazpBaloT urduGUIYaLHBIMU wWmpadamu. B KavuecTBe KOHKPETHOTO MPH-
Mepa MOXKHO B34ATh

g7 (u) = max{g;(u),0}, i =1, m,
g () =lgi(w)], i=m+1,m+s.

Jlerko BUJETH, 9YTO yCJIOBHE

{ P(u) =0,

u € Uy

BBIIOJIHAETCS TOIA U TOJBKO TOIJA, KOIJAa TOYKA U IPUHAIIEKUT MHOKecTBY U.
U3 mrpaduoit dyukimu P(u) dopmupyores hopMysibl BUja

Oy (u) = J(u) + AgP(u), Ar>0,Ay — ocompu k — oo,u € Ug, k=1,2,... (2)

Teneps or 3ajaun (1) MbI mepexojuM K 1ocseoBareaspHoct 3aja4d (2). Ilyers Toukn
u € Uy TaKOBBI, UTO

Dy, = itfjlf Q) < Py (ug) < Py + 4 (3)
0

(MX MOXKHO TIOJIy9UTh, HAIPHMED, MeTOJ[AMHU, U3JI0KEHHBIMU B IIPEJbLAYIIel riase). Vcmnoib-
3y 9TY MOCJEIOBATEIBHOCTH TOUYEK, ChOPMYITUPYEM OCHOBHYIO TEOPEMY B 9TOM IIyHKTE.

Teopema 21. ITycmov H — 2uavbepmoso npocmpancmeo, mmnosicecmeo Uy caabo 3amxnymo;
J(u), g (u) caabo noaynenpepvicro, cnusy na Uy; mouxa

Jo = inf J(U)

Uy
KOHEUHA; MHONHCECTNEO
U(D)={ueUy:g(u)<di=1,m+s}

oeparuveno 6 H das nexomopozo § > 0; Ap — 400, e, — +0, mozda nocaedosamenvrocms
J(ug) empemumesn x munumymy J(u):

J(u) — inf  (J(ug) — Jo),

u ece caabvie npedesvnvie mouku nocaedosamesvrnocmu {ug} codeporcames 6o mmo-
arcecmee U,.
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HpaBI/I.TIO MHO>KUTeJIeil ﬂarpaH;»Ka AJIZ BBIIIYKJIBIX 3ada4

B sToM nyHKTE paccMaTpuBaeM CJIeIYIONLYIO 3aa9y MUHUMUBAINN:
Jw) —inf, ueU={ueUyCL|g(u) <0,...,gn,(u) <0} (1)

MozkHO paccMOTpeTh U ciry4ail, KOrja eCTh OrpAHMYeHUs] TUIIA “DABEHCTBO”, HO IIPU STOM
oHU 00sI3aHbI OBITH JINHEHHBIME (B IIPEJBLILYINEM METO/Ie Ha TaKie OrPAHUIEHHs TaKKe HaK/Ia-
JIBIBAIOTCS YKECTKHE YCIOBUSA B BUJIE CJ1A00 MOJYHEIIPEPBIBHOCTH CHU3Y, TaK YTO OHU “TOYTH
JIMHEHHB ).

Hazosém 3amaay (1) ewnyxaot, eciu muoxkectBo Uy BhIMyKI0, L mipecrasisier coboit
JINHEHOE TTPOCTPAHCTBO, (DYHKIIUU ¢; BBIITYKJIbL.

[Toctpoum dynkmuio Jlarpamxa:

L(u,\) = Mo J (u) + Z Xigi(u) (A e R™HY).

Yucna A; Ha3bIBAIOT MHodcumenamu Jlazparorca.

Teopema 22 (teopema Kyna-Tdakkepa). [lycmo 3adava (1) svinykia 6 ykazannom cmoic-
ae. Tozda

1) ecau mouka u, Asasemes onmumasohol (u, € U, ), mo cywecmsyem Habop MHOMCU-
menet Jlaepanorca \* # 0 makod, wmo
i)
min L(u, A*) = L(uy, \*) — npunyun Munumyma;
ueUp

A >0, i=0,m — ycarosua neompuyamesvHocmu muodtcumenets Jlazpanorca;

iii)

Algi(uy) =0, i=1,m — ycarosusn, donosnsousue HerHcEcmrocmau.

2) ecau das nexomopol napvt (u., \*) ewnoanaomes yciosua i)-iii) u, Kpome moeo,
us € U u N\ # 0, mo u, — onmumanvras mowka (u, € U,).

3amMedyaHue 0 peryjasspHOCTH

Paccmorpum npumep, B kotopom A = 0. IIycrs H = RY, J(u) = —u — inf, Uy = R},
gi(u) =u* U= {ueR!|u?<0}={0} = U.,. dokaxem, uto B 060M Habope \* = (A, \})
obszarenbho A5 = 0. [To Teopeme 22 maiinércs neorpunareabublii Habop (A, Aj) Taxoii, aTo
OyJeT BBIMOMHATLCA yeaoBue 1): —Asu + Aju? > 0 Vu € R

Paznemmm sto HepasencTBo Ha u > 0: —Af + Aju > 0 Vu > 0, u ycTpemMuM u K HYJIIO.
Momyanm —A§ = 0.

OTcrosia ¢ y4éToM yc/IoBUSI HEOTPHIIATE/ILHOCTI MHOXKUTestell Jlarpanzka nmeem \§ = 0.
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Hocrarouusie yciaoBusi peryasipHoctu (yciousi Ciéiitepa)

JlocTaTo9HBIM YCJIOBHEM Ha PEryJIsipHOCTD sIBJISIETCs CyIlecTBOBaHume To4Uku uy € Ug Ta-
Koit, uro g1(ug) < 0,...,gm(ug) < 0. i nokazareabcrBa 51010 (hakTa MPeoaoKiM, 9To
B HEKOTOPOM (HeHyJIeBOM) Habope A* mepBas KOOpJHMHATA A PaBHA HYJIO, TOrAa (yHKIH
Jlarpam:ka Ha 9TOM HabOpe paBHA:

L(ug, \") = Z)\;‘kgz‘(uo) < 0= L(u, A"),
i=1

U MBI IIPUXOJUM K IIPOTUBOPEYNIO C IPUHIUIIOM MUHUMYMA.

[Ipuseiém anasior reopeMbl Kyna-Takkepa B HeCKOJIBKO UHOM popmyaupoBke. JList aToro
cHaJaJja BBEJIEM OJTHO

Onpedenenue. Ilycts X, Y — MHOXkKeCTBa IPou3BoILHON mpupoisl. f: X X Y — R
Touka (z.,y*) Ha3BIBaETCs cedao6oli Toukol dyukun f Ha MHOXKecTBe X X Y, eciu

flze,y) < flzwy") < flz,y") VeeX,VyeY.

Teopema 23 (cengioBasi hopma treopemblr Kyna-Takkepa). [Tycms eunosnaromces ycio-
susn Teopemwvi 22 u ycaosus pezyaaprocmu Caetimepa. Tozda mouka u, npunadiescum MmHo-
orceemey U, (u, — onmumarvras mowka) mozda u moavko mozda, k0204 KAGCCUMECKAH PyHK-
yus Jlazpanoica (¢ Ao = 1) umeem cedrosyro moury (us, \*) na muoocecmse Uy x R

J(we) + Y Ngilue) < () + 3 Ngilw) Vu € U (b)

HpaBI/IJIO MHOKHUTeJIeit HarpaHH{a AJIA TJIIaJAKHUX 3ada4

B sTom IIYHKTE pacCMaTPpUBacTCAd 3aJa49a MUHUMHU3aIUNU C OTPAHUYCHUAMMNU:

J(u) —inf veU={ueH]|g(u) <0,...,gn(u) <O,
gm-i-l(u) =0,... ’gm—i-s(u) = 0}7 (1>

rie H — ruabbepToBo MPOCTPAHCTBO, C JIONOJHUTE/LHBIMU TPEOOBAHUAME Ha IJIAIKOCTD
dyuknit. 371ech Mbl KPATKO PaCCMOTPUM JIUIThL HEOOXOJIUMOE YCJIOBHE JIOKAJTBHOI'O MIHM-
MyMa.

Jl1s1 Havasa BBEIEM HECKOJILKO MOHSITHI (HEKOTOPBIE U3 HUX IIPUBE/ICHBI JIUIIb B KAYEeCTBE
HATIOMUHAHS ).

Onpedeaenue. Touka u, Ha3BIBACTCS MOUKOU AOKAALHO20 MunuMyMma Dyaruuu J(u),
€CJIN CYIIECTBYET TaKOe IOJIOKHUTEJIbHOE YUC/IO0 £, 4To i Joboit Toukn u € U, N U, rue
U. ={u : |Ju—u.| < ¢}, Bommonugercs ycaosue J(u.) < J(u).

Onpedenenue. [lyctb X — nHOpMupoBanHoe npoctpanctBo, M C X, xo € M. Bekrop
h € X Ha3bIBAIOT KaAcCamMeAbHbLM KO MHOKECTBY M B TOUKE g, €CJIN CyIIeCTBYyeT 0TOOparKeHne
o(t) : Rt — X, obnajatommee coifcTBaMu:

1) xo—l-th—i—@(t) e M;

2) ¢(t) = o(t), To ecTb w — 0 mpu t — 0.
Boobite roBopst, jiist HAIIUX TeJ1eil JOCTATOTHO CyIIeCTBOBAHUST OTOOPAYKEHNUsI ITEPEBOJIATIETO
B X He Bcio JielicTBUTEIbHYIO och RY a jiuiib Kakoii-mu6o unrepsas (—¢; &) Jjist HEeKOTOPOro
e > 0.

O6oznaunm vepes T, M Bce KacaTesJbHblE BEKTOPHI KO MHOXKeCTBY M B TOUKe Tg.
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Teopema (JTrocméprux). [ATD, crp. 171-174]
[Iycts X,Y — OamaxoBbl npocTpancrsa, orobpaxkenue F' : X — Y muddepennupyemo
o @peme, M = {z € X | F(x) =0}, xg € M, im F'(x¢) =Y. Torma T,,,M = ker F'(z).

Teopema 24. [Tycmo u, — moura aokansvhozo munumyma 6 sadave (1); J(u), g;(u) € CH(U,)
0A5 Hexomopozo nmoaosicumenvrozo €. Tozda cywecmeyem nenyaecotl nabop mroscumenet
Jazparoica N* = (N5, ..., N L), obaadarowud credyrouumu c60tcmeamu:
m—+s
i) L (e, X)) = N5 (uy) + E Negi(u,) =0
=1
— yeaosue cmavuonaprocmu gynrkyuy Jlazpanoicas

i) Af >0 Vi=0,m — ycarosus neompuyamesvrocmu muostcumenet Jlazparorca;

1) A gi(us) =0 Vi=1,m — ycrosus, 0onosnaouue HEAHCECMKOCMU.

,Z[BOfICTBGHHI)IG IKCTpeEMaJIbHbIE 3aJ1a91

B sTom myHKTE paccMOTpuM 3a/1a9y MUHUMU3AIIAN

J(u) — inf,

1
ueU={ueUyCL|g(u)<0,...,gm(u) <0,gm1(u) =0,...,gmss(u) =0}. 1)

st perieHust O00HBIX 38149 MHOTLIA, JIerde ePeiiT K PEIeHUI0 TaK Ha3bIBAeMbIX J6801U-
cmeennvir 3aday. Omuiem 1ot mporecc. Ctponm dyrkmuio Jlarpamxa s sagaqdu (1):

m-+s

L(u,\) =1-J(u +ZAng ), u€ Uy A€Ng={NER™ | N, 20,i=T,m}. (2

Paccemorpum (byHKuH}o

¢(u) = sup L(u,\) =

YY)

J(u), ecrm u € U,
+00, eciir u € Ug\U -~

Basaua (1) paBHOCHIbHA 3a/[au€ MUHUMU3AIUN Ha PACIIHPEHHOM MHOYKECTBE:

o(u) — inf, u € U,. (4)
Bromum dynkimio

Y(A) = Inf L{u,)). (5)
Onpedenenue. 3amada

(A) —sup, A€ N (6)

Ha3bIBAETCH d6oticmeenhol K HCXOAHOM 3a1a4e (1).
Teopema 25. Bceada seprvl nepaserncmaea:
PY(N) KV <o =Jo <p(u), VAE Ay, Yue U,. (7)

Zlas mozo, wmobw.

V=, Ui £, A" # 0, (8)
Heobxodumo u docmamouno, wmobv, L(u, A) umena cedrosyro mouxy na Uy X Ag; Uy, x A* —
MHOHCECMBO BCET CEONOBVIT MOYEK.
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Bropas aBoiicTBeHHasi 3aga4a
Bseniém nonsitTre BTOpoii jJBoiicTBeHHOM 3aga4un. [l 9TOro paccMoTpuM OuH

IIpumep.
Paccmorpum Munumuzanuio bynkiuu J(u) = u? Ha MHOMKECTBe

U={g(u) =v*-1<0}=[-1,1].

Nmeem: Je=¢. =0, U, ={0} # 2,
L(u,\) =u? + Au? — 1)

[Tomyaaem ¥(A) = — A, ecmm A > —1 (B Hamem ciaydae A > 0).
Tereps mocTaBuM JIBOWCTBEHHYTO 3a1a9y K (\):

PY(A) = -\ — ilig, v =0=1(0), A* = {0} # @.
Iepeiiaém K 3amade ma MurmMyM (J(v) = —(v)):

Jw)=v—inf, v>=0, (v:=2\)

veV={veR =V, |gl)=—v<0}

Orcrona noydaem dyukiuio Jlarpanxa:

L(v,p) = 1o+ p(=v), p =0

— v _J 0, ecm =1,
QMM_{ —o00, ecau i # 1

Onpedenenue. 3amaua mMakcuvumsarmuu byakmmm ¢ (p) mpu g > 0 HaspBaeTca 6mopoti

deoticmeennoti 3adayet.
[IpuBenéHHBINA IpUMEpP HOKA3LIBaeT, YTO BTOPas JIBOMCTBEHHAs 3aJlava He BCerja COBIIa-

JTaeT ¢ UCXOITHOI.

7 IIpocreiiniasa 3agaya OoNTUMAaJbHOIO yYIIPaBJIEHUS.

ITpumamun makcumyma IloaTparuna
B 310it riiaBe Mbl KOCHEMCS 3a/1a9W ONTUMUA3AINN, KOTOPYIO IIPUHITO HA3BIBATH 3aja4eil on-
MUMAALHO20 Ynpasierus. Bosee TOAPOOHO 3TOT BOMPOC OCBEIIAETCS B COOTBETCTBYIOIIEM
Kypce, MBI 2K€ PACCMOTPHUM €I'0, MCXOd U3 HaIUX TOTPeOHOCTE.
B obmiem Bujie paccMarpuBaemast 3a/iada BBITVISIIUT CJIEIYIONIAM 00pPa30M:

() = / FO(t), u(t), 1) dt + (x(T)) — inf

2'(t) = f(x(t),u(t),t) nourwm Beromy mst to < t < T, x(ty) = xo, (1)
u € U = {u(t) — nsmepuma 1o Jlebery |u(t) € V CR" ansa nourn Beex t}

®Oynkiponas 0 IPUHATO HA3BIBATDL UHME2PAHMOM, 8 (MYHKIHOHAI O — MeEPMUHAHINOM.
BameTuM, 9YTO B TaKOil IOCTAHOBKE OTCYTCTBYIOT hba3oBble orpanndenus Ha x(t)
(z(t) € G C R™), gr0 obJerdaer HaM UCCIIEJOBAHUE 3a/a4N.

[Ipeanonoxum cymecrtsopanue f, fo, [0, f2 ¢, o, ux menpepbiBHOCTL TI0 t, W JIummmii-
HEIPEPLIBHOCTD 110 U u Ha R™ X V' X [to; T]. (B npunnumne moxuo oboiitucsk 6e3 Jlummm-
HEIPEPBIBHOCTH, HO IIPH 3TOM MHOTUE BBIKJIQJIKH 3HAUUTETHHO YCJIOKHAIOTCA. ) B maibHeitmenm
Oy/IeM CCBLIATBCS Ha MOIO0OHOE CYIeCTBOBaHAE OTMETKOM (2).
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Oyuknusa amuiabrona-IloaTparuna. IIpuniiun makcumyma
B stom nynkTe paccMorpuM (DYHKITUIO CIETYIONIEr0 BUIA:
H(ZL‘7 u7 tv 1/}) - f0<l', U, t) + <77Z)7 f(l’, U, t)>R” 9

HasbiBaemoil dpyukimeit [amunbrona-lTonTpsiruna.
Breném psiji obosnadeHmit:

AJ = J(u+h)— J(u),
Az = z(t,u+ h) — x(t, h),
AfO = fO(z(t,u+h),u(t) +h(t),t) — fO (x(t,u),ut),t).

[Ipeobpaszyem AJ(u) Tak, 9T0ObI HOJTYIUTH TPUHITAIT MAKCUMYMA.

T
AJ:/AdetJrAgo. (3)
t

0

[Ipumensiss popMysTy KOHEUHBIX ITPUPAIICHIH, TMeeM
Ap = (pa (2(T) + 0Az(T)) £ @ (2(T)), Az(T))po = (@0 (z(T)) , Az(T))gn + R,

rae 6 € [0,1], R, — HEKOTOPBIi OCTATOK.
Taknm oOpasoMm, momydaeM T

AJ = / ASOdt + oy ((T)) s Ax(T)) g + R, (4)

Beeném obosnadenne Y(T) = @, (x(T)) . (5)
Torma

(0o (x(T)), Ax(T)) = ((T), Ax(T)) = {Ax(to) = 0} = (V(T), Ax(T)) — (P(to), Ax(to)) =

T T

:/%<w(t),A:c(t)> dtz/(z//(t),A:c(t)) dt+/<w(t>,Ax’(t)> dt.

to to to

Taxum obpasoMm, nMmeem T T
AJ = /AHdt+ / (W (), Ax(t)) dE+ R, (6)

to to
Tenepb, ucoib3yss GOpMY/Ty KOHEUHBIX PUPAIIEHUNE U d/IEMEHTapHbBIE TPeodpa3oBaHusl,
IIpeacTaBuUM AH B HECKOJIbKO MHOM BH/EC:

AH = (H (z(t,u+ h),u+ h,t,1p) — H (x(t,u),u+ h,t,1)) +
+ (H (x(t,u),u+ h,t,1p) — H (x(t,u),u, t,)) =
= (H, (x(t) + 0(t)Az(t),u+t, t, ), Ax(t)) + A H,

rie 6 € [0; 1], a gepes A, H 0603HAUEHO BTOPOE CIaraeMoe.
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[IpomorKas 1EMOYKY paBeHCTB, MOJIydaeM
AH = (Hy(z,u,t,v), Ax(t)) + AyH + Ry(t),

riae Ry (t) — mekuit ocraTok, ceasanubiii ¢ H(. . .). Umeem:

T T

AJ:/Aqut+/<z//+Hx,A:c) dt+/RH(t) dt + R,.

to to to

[Torpebyem, 9TOOBI BBIIOJIHAIOCH PABEHCTBO

W(t) = —Hy(x(t), ult), £, (1)).

[Tpu BbITIOJIHEHUT TOTO YCI0BHs Bbipazkerue (7) mpeobpasyercs B

T
AJ:/Aqut+/RH(t) dt+ R,

to to

(9)

OrnennM ocTaTKN B 9TOM BbIpaxkeHuu. [[j1st 5T0r0 paccMoTpuM cHava 8 MPON3BOIHY IO TTPH-

paleHusd T
Ax'(t) = Af(t), to<t<T,

[Tepeitiém K 9KBUBAJIEHTHON UHTErPAJILHON (hopMe:

= /tAf(T) dr

TOI‘,ZL& n3 yCJIOBU:A ﬂI/IHH_II/ILLa IIOJIyYUM:

8a(®)zn < L / |Aa(r) s dr + L / ) e

to —Au

t T
L/||Ax(7)y|w dT+L/|yh(T)||RT dr.
to to

ITo remme ['ponyona-bBaimana mveem:
[Az(#)][en < Ll P]lwrtoiry exp {L(t = t0)} -
BozbméM MakcuMyM 110 ¢ OT 000UX YacTell STOTO HEPABEHCTBA:

1Az () o) < constl| ALy = O ([l -

27



Torna s ocraTka R, UcHOIbL3Yd ycjaobus Jlunmuna u npumenss HepasencTso Komu-
BynakoBckoro, momydaeM CIeIyIonTyIo OMeHKY:

Rl = [{¢x (2(T) + 082(T)) =z (2(T)) , Ax(T))gn| <
<{0 € [0:1]} < L Az(T) [z = O (I2]1L:)
Onennm ocratok Ry (t).
Ras(t) = (L (2(2) + 0(0)A(0), u(t) + h(2), 16(8) — H (x(0), ult) + B(0). £, 001)) A

B cuny mepasencrsa Kommu-BynsikoBckoro u yesoBuit (2) mosrydaem

rn (14 [19][c) 1Az (t)

R" dt

/RH(t) dt| < L/HG(t)Ax(t)

to

N Tak Kak 1) HelpepbIBHA U IIPOMEXKYTOK OI'DAHUYEH, TO

[ Rattyar| =0 ()

N3 o1ieHOK OCTaTKOB MOJIydaeM (popMyJry

T

AJ = /AqutJrO () (10)

to

Teneps chopmyaupyeM OCHOBHYIO TE€OPEMY ITYHKTA.

Teopema 26 (npuniun makcumyma [lourpsiruna). [lycmo das 3adavu (1) evinoansaoms-

ca yeaosua (2), u(t) — onmumanvioe ynpasaerue, x(t) — coomeememey0OuLas ONMUMANHAR
mpaexmopus, P(t) — pewenue conpastcénnot s3adawu (5), (8). Tozda

H (o(t).ult), t,6() = min H (2(), 0.t 0(0) (11)

ona nowmu ecex t.
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O6 ucrnoJb30BaHUN IIpyuHIOUIIa MaKCUMYMa

BamMeTuM, UTO UCHOJIB3Ys MPUHIIAIT MAKCUMYMa, MBI, [I0 CYyTH, IEPEXO/INM OT ODECKOHETHOMED-
HOII 3a/1a91 K KOHTHHYYMY KOHEYHOMepHbIX 3ajad. (Ilapamerp ¢ MOXKHO cUmTaTh TpPU ITOM
“aomepom” 3ajiaqn.) VIHOTIa 9T0 MO3BOJIsIET yIIPOCTUTD pellieHre, WHora HeT. [TpuHiun Mak-
cuMyMa JIaéT HaM JIMIIb HeOOXOIMMbIE YCJIOBHS Ha ONTUMAJIbHOCTh, TO €CTh YIIPABJICHU, MY
YJIOBJIETBOPSIOIIIE, HA CAMOM JIeJIe €CTh JIUIIb “T0I03PUTEIbHbIE” Ha ONTHMAJILHOCTD YIIPAB-
JICHU .

[Tpeamonozxum, aro u(t, x,1)) — onTuMabHOe yrpaBieHre, Ha KOTopoM jgocruraercs (11).
Torma, mojicTaB/IsIs €ro B HAIK YCJIOBUSI, UMEEM CUCTEMY:

a'(t) = f(x@), u(t,z(t), ¢(t)) 1)

x(ty) = xo

P(t) = —Hy (x(t), u (b, x(t), (1) , 1) , £, 4 (1))
W(T) == (x(T))

[Toyaem KpaeByio 3ajiady MPUHIMIIA MAKCUMyMa, B KOTOPOi 2n mauddepeHiinaabHbIX
ypaBHEHUI 1 2n KpaeBbIX ycaouii. K corkasieHnto, 310 UMEHHO KpaeBasi 3a/1a4a, ¢ YCJIOBUIME
He B fo, a B T, K TOMy Ke OHa HeJMHEeHHO 3aBUCUT OT TpaekTopun x(t).

[Ipenmonoxum, aro (t),1)(t) — perrenne s1oit cucremsl. Torma yupasmaenne u(t, z(t), (1))
OyIeT ABIATHC “TIOJO3PUTEHLHBIM Ha ONTUMAJIHLHOCTD.

JImHeapu3oBaHHBII MPpUHONT MakcuMyma. I'paguenTt pyHKImoHaIa

JoGasuM B 3a1a4e (1) K yeosusam (2) yeJaoBHst Ha LIQIKOCTD: f,, fO — JIUMIIHAI-HENpepbIBHbI
[0 % ¥ HEIPEPIBHBI 110 COBOKYITHOCTH MEpeMeHHbIX (,u,t). O6o3naunm stu yeaoBus (2u).
Toria aHAJIOTMIHO MPEIBILYIIUM BBIKJIAJIKAM MOXKHO II0Ka3aTh, UTO

A H(t) = H (2(t), u(t) + h(t),t,9(t) — H (z(t),u(t), 1, (1)) =
= (Hu (x(t), u(t), £, (), h(t))gr + R

ﬂﬂﬂ Ru B CHJIy HalllUX Hpe,ZLIIOJ'IO}KeHI/Iﬁ CIIpaB€lJINBa OII€CHKa:

Rul < LIR().

U mis (10) MBI IOy 9aeM BBIDayKeHHUE:
T

T
T+ )= I = [ (Haa(O)u(®).t.60) A0 de+ O (1L + L [ 0o dr
to to
[Tocseaee ciaraeMoe B 3Toii cymme ecTh HOpMa h B ipoctpancTse L? B KBajpaTe, yMHO-
kenHas Ha KoHcTanTy L, 10 ectb O (||h|)3:) .
Bropoe ciaraemoe Takzxke Moxuo cautars O (||h]|22) , Tax kak

T 2 T T
Al = /1-|h(t)| dt] < /1dt : /|h(t)|2 dt
to . to . to ,
:;)?Lst :H?Lﬂiz

U no oupegnenennio J'(u) = H, (x(t),u(t),t,1(t)) (oroxmecrsiaenue mo Puccy).
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Teopema 27.
ITyemov evinoanenv, yeaosus Teopemor 26 u ycaosusn (2u). Tozda J(u) duddepenuupyema
no Opewe 6 L? u eé npoussodnas umeem 6ud

J'(u) = Hu (x(t), ult), £, (1))

Ecau, kpome mozo, u(t) — onmumanvroe ynpasasenue 6 3adaue (1), mo neobrodumo 6vinon-
HAECMCA NUHEAPUIOBAHHIT NPUHUUN, MAKCUMYMA:

(Hu (x(t), u(t),t, (1)), u(t))gr = min (Hy (x(2), u(t), 1, 9(1)) , v)ge (15)

veV

8 Per.HSIpI/IBaHI/IH HEKOPPEKTHO IIOCTAaBJIECHHDBIX
IKCTpeMaJIbHbIX 3a/Jda4 110 TI/IXOHOBy

HaHOMHI/IM, 9TO IKCTpEeMaJibHad 3a/a9a MUHUMU3AIIUN beHKHI/IOHaJ'Ia J(u) Ha3bIBa€TCA KOP-
PEKTHO IIOCTABJIEHHON B CJIydae, Koriaa

1) J. cymecrByeT (KOHETHO);
2) MHOKeCTBO onTuMaJbHBIX perennii U, He mycTo;

3) W3 TOro, YTO MOCIEA0BATENBHOCTD J(uy) (U JOMYCTHMBI) CXOAUTCS K Jy CIEyeT, 9TO
COOTBETCTBYIOIIAsI TIOCJIEJ0BATEILHOCTD U, CXOIAUTCH K Us.

B 3aBucumocTn o1 THIIA CXOIUMOCTH Uf, — Uy KOPPEKTHOCTDH 38191 MOYKET ObITh, COOTBET-
CTBEHHO, CIJIBHOW U cyraboit. Creytomuii mpuMep MOKa3bIBAET, ITO ITU TUIBI KOPPEKTHOCTH
HE 3KBUBAJICHTHDI.

ITpumep. (cnabo KOppekTHas 3aja4a, He ABJISIONAsICA CUIBHO KOPPEKTHOIH)
PacemoTpum cireyroniyio 3a1ady MUHUMA3AIIAN:

J(u) = /mQ(t) dt — inf, 2'(t)=u(t), 0<t<T, xz(0)=0,

0
u€U={uel?0,T) | u(t) € [~1;1] nourn Beiomy}

Panee Gb110 JloKazano, uto Muoxkectso U (“napasuiesnernunen’ B L?) — ciiabblii KoMIaxT,
a dyakmmonas J(u) caabo nosyHenpepbiBeH cHu3y. MOXKHO TaKKe MOKa3aTh, 9TO J, > —00
(J. = 0), onrumasibHOll siBysteTcst Touka U, = 0 u, 6osee Toro, U cocrout u3 oHON 3TOi
roukn: U = {0} # &. Takum ob6pas3omM, HyHKTHI 1) U 2) B ONPEJIEJIEHUN KOPPEKTHOCTH BbI-
nosiastiores. [lo Teopeme 2 mosydaem, 4To 3aj1a9a sABIETCs €/1a00 KOPPEKTHO TTOCTABICHHOM.
Jlokazkem, 9TO OHA HE CUJIBHO KOPPEKTHO OCTABJICHA.

Bepém nociiegoBaTeibHOCTD

kt
ug(t) = sin (%) € C>[0,T] c L*(0,T) = u;, € U.

Torma coorBeTcTByIOITHNE T) cxXOnATCA K 0:




To ecrb, J(ug) — 0 = J,, HO B TOXKe BpeMsl CXOJAUMOCTH TI0

k—o0

s = sl = ue = O] = 5 557 0.

1 3zamada He gBiiseTcd CUJIBHO KOPPEKTHO ITOCTABJIEHHOII.
[Tepeiiném k Teme mynkTa. [lycTh, kKak 00bIMHO, TPEOyeTCst PENIUTh 3384y MUHUMU3AIUN

J(u) — inf, weUCH, (1)

HO [IPH 9TOM MBI OYJIEM CUYUTATDH, YTO U3BECTHO JIUIIb TPUOINKeHHOe 3Hauerne GyHknu J(u)
(U samano Touno). Ilosoxkum, 910 OoTIMYne M3BECTHOIO 3HAUEHWs] (DYHKIMH OT UCTHHHOIO
VJIOBJIETBOPSIET HEPABEHCTBY

|J(u) — J(u)| <51+ lul|), 6=0, Yuel. 2

DTO 03HAYAET, YTO OMIMOKA MOXKET OBITH JOBOJILHO OOJIBINON Ha “Tlepudepun’, HO JIOCTa-
TOYHA MaJia, ecan u Oau3ko K 0.

Bribop Takoro pojia orpanmdeHus oOYCJIOBJIEH CJIEIYIONIMMU PacCykIeHusaMu. Paccmor-
pum dynxumonarn J(u) = ||Au— f||% (A € L(H — F), f € F). Eciin mopoz naiormuit orepaTtop
3a/IaH HETOYHO ¢ HeKoTOpoit ommbkoit ||A — Al| < h, J(u) = ||Au— f||3, To ms coorsercTBy-
IOIIIX KBAJIPATUIHBIX (DYHKIIMOHAJIOB OIIMOKA MPUHUMAET BT

[J(w) = J(u)| < hemax {[| fl[F, 1+ R+ 20 A} (L [fullfy) <0 (1+ ulE),

TO €CTh HostydaeM (2) (3Ty OIEHKY MOXKHO HOJTyIuThb 13 Toro, uto | Au—Au|lp < [|[A—Al-||ul]).

A. H. Tuxonos B 1960-x rogax mpeamozKmI METOI, ITO3BOJISIIOIIII PeIaTh HOI00HOTO Poia
sajiaqn. CyTh METO/IA B TOM, YTO OT MCXOTHOM 3a/1a91 MbI [IEPEXO/INM K 9KCTPEMAJIbHOM 3a1ate
CJIC/TYIOIIETO BUJIA:

To(u) = J(u) + a-|lul|* = inf, a>0, ueU. (3)

Oyuxnuonas T, HasbBalOT Gynkyuorasom Turonosa. o — HeKUil CTaOUIN3UPYIONIHIT
dyukimona..
[Ipu nepexojie K Takoit 3ajlade HaM JIOCTATOYHO HaiiTh Takoe 4 € U, 4ro

To(@) < inf Tu(u) +2, &> 0. (4)

Teopema 28. ITycmv 6 3adaue (1) J, > —o0, U # &, muoorcecmso U 6vinykao u 3aMKHYMO
6 2uavbepmosom npocmpancmee H, dynxyuonan J(u) sonyka u nosynenpepuvieen cHusy, 6ovi-
noansemes yeaosue (2), 4 ewbupaemes no npasuay (4), napamempo 6, a, € cmpemames x 0,
NPULEM % — 0. Toeda

J(@) = Ji, |t — g — 0,

ede u, = argmin ||u|lg — nopmarvroe pewenue zadavu (1).
u€U.
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